Three ways GRPO
wastes rollouts

and one objective that fixes them

Jean Kaddour
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L Where do scalar advantages leave signal on the table?
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L Where do scalar advantages leave signal on the table?

gradient share blunders clip wall

easy or hard prompt: common or rare wrong: common Or rare success:
same share? same A? same wall?




L GRPO over-weights easy prompts
Hard (5%) vs easy (95%) prompt: how does GRPO split the step?
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Diagnostic from Osband (2026), Delightful Policy Gradient, §4.2.
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L GRPO over-weights easy prompts

step weight 8(p)

Hard (5%) vs easy (95%) prompt: how does GRPO split the step?
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L GRPO over-weights easy prompts

step weight 8(p)

Hard (5%) vs easy (95%) prompt: how does GRPO split the step?

4.36

hard 5% medium 50% easy 95%
rollout pass rate pr,

An easy prompt gets 19 x the update size of a hard one.

Diagnostic from Osband (2026), Delightful Policy Gradient, §4.2.



L Rare failures are punished strongly
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Diagnostic from Osband (2026), Delightful Policy Gradient, §4.1.
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L Rare failures are punished strongly

rollout j reward GRPO sees

commonwrong answer [ 0 | A |
correct answer - 1 Ay

another correct answer [ ] 1 Ay

rare wrong answer ' 0

same A_

Rare negative-advantage actions can inflate the gradient. ]

Diagnostic from Osband (2026), Delightful Policy Gradient, §4.1.



L Same & for breakthroughs and easy winners
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L Same & for breakthroughs and easy winners

wants ratio > 1.2 breakthrough

A
—~ " 1+¢
&
el
E .
B L Leasy winner.
3
o D T S e e e e .
3 l—e
\
7

gradient steps

Breakthroughs (0.01—0.012) starve, easy winners (0.9—1.0) coast.

DG (Osband, 2026): breakthroughs need amplification; DAPO's clip-higher at epig,=0.28.
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L GRPO's target is implicit. TPO is explicit.

Policy as a distribution over the K sampled rollouts (simplex, K=3).
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L GRPO's target is implicit. TPO is explicit.

Policy as a distribution over the K sampled rollouts (simplex, K=3).

Y1

(implicit)

Y2 Y3

GRPO - push by advantages A; TPO —fit to target g

GRPO's target is hidden inside the gradient.
TPO forms the target explicitly, then fits it.




- Reweight-then-fit: a 30-year-old idea, now in closed form

EM-for-RL REPS MPO SPU TPO
Dayan ‘97 Peters 10 Abdolmaleki 18 Vuong 19 ours, '26
sums over all actions dual Lagrangian learned Q non-parametric finite group =
+ EM iteration inner optim. closed-form g

[ Finite group of K rollouts = closed-form target. No critic, no dual. ]




L TPO: build a target ¢, then fit it via cross entropy
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L TPO: build a target ¢, then fit it via cross entropy
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L TPO'S target is KL-regularized from the rollout policy

q picks the largest expected advantage that doesn't drift far from p
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L TPO'S target is KL-regularized from the rollout policy

q picks the largest expected advantage that doesn't drift far from p°!d:
¢ = arg max E 4]  —n KL(q|lp™)
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expected advantage stay near rollout

Closed form (derivation in paper):

b PP exp(n)
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L TPO'S target is KL-regularized from the rollout policy

q picks the largest expected advantage that doesn't drift far from p°!d:
g = arg max El4]  —nKiglp™)
ge AK-L S—~— e
expected advantage stay near rollout

Closed form (derivation in paper):

b PP exp(n)
>, 057 exp(4;/n)

7 is the temperature, we use n = 1 throughout.



TPO is a few lines of code

JAX

def tpo_target(log_scores, adv, eta
=1.0):
return jax.nn.softmax(
jax.nn.log_softmax(log_scores,
-1)
+ adv / eta, -1)

g = jax.lax.stop_gradient(
tpo_target(log_scores, adv))
log_p = jax.nn.log_softmax(
log_scores, -1)
loss = —(q * log_p).sum(-1).mean()

PyTorch

def tpo_target(log_scores, adv, eta
=1.0):
return F.softmax(
F.log_softmax(log_scores, -1)
+ adv / eta, -1)

q = tpo_target(

log_scores, adv).detach()
log_p = F.log_softmax(log_scores,
-1)

loss = —(q * log_p).sum(-1).mean()



L Three GRPO blind spots. Does TPO close them?

gradient share advantage clip wall
easy or hard prompt: common or rare wrong: COMmMON Or rare success:
same share? same A? same wall?




L Fix 1: hard prompts are not starved
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L Fix 1: hard prompts are not starved
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Easy/hard allocation: GRPO = 19x; TPO =~ 1.7 x.




- Fix 2:

rare failures no longer look common

rollout e reward GRPO
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rare failures no longer look common
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L Fix 2: rare failures no longer look common

rollout e reward GRPO TPO: g; — po'd
common wrong answer _ 0 A_ —0.45
correct answer - 1 Ay +0.25
another correct answer . 1 Ay +0.21
rare wrong answer | 0] ‘ A_ ’ —0.01

GRPO assigns both wrong rollouts the same A_;
TPO pulls 45x harder on the common one.




L Fix 3: every group gets a target, not a wall
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every group gets a target, not a wall

GRPO
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gradient steps

[ clip wall: same =e for every group }
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- Fix 3:

every group gets a target, not a wall

GRPO

1+4+¢€

0o 1 2 3 4 5
gradient steps

[ clip wall: same =e for every group ]

TPO
group A = - — = - ¢B
group B -~ _ _ _ - qc
group C L

o 1 2 3 4 5
gradient steps

[ q set per group; p?=¢: no pull ]

q is a per-group KL-anchored trust region.

20



Results



L Dense bandit and sparse-reward sequence

» MNIST contextual bandit: sample digit, reward 1{a=y}.

» Token reversal: transformer reverses length-H sequence, reward only at end.

(a) MNIST contextual bandit (b) Token reversal (sparse reward)

Exact-match error
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- Longer horizons for token reversal

Exact-match error % (V=2, K=8)

method H=T7 H=8 H=9 H=10
TPO 6.9 8.6 6.1 7.4
GRPO 14.5 27.6 30.0 50.4
GRPO (no KL) 66.6 92.5 = =
PPO 12.0 26.3 90.6 =

DG 33.8 58.8 - -

23



- Off-policy with distributed staleness

MNIST contextual bandit; actors roll out with parameters from D steps ago.

method D=0 D=1 D=3 D=10 D=30 D=100 D=300 D=1000

REINFORCE 6.3 6.3 6.8 6.5 42.7 67.3 74.9 78.1

PG (IS) 63 63 64 6.8 8.9 10.2 10.1 9.8
PPO 63 63 70 4.1 5.6 5.8 5.9 5.4
DG 28 28 28 2.7 2.6 2.5 2.5 2.5

TPO 23 23 23 23 2.3 2.3 2.3 2.3




L

Does it transfer to LLMs?
Qwen3-1.7B (top), R1-Distill-1.5B (bottom); K'=16 rollouts per prompt.
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Open questions



L Scale and off-policy stress tests

Larger models, harder benchmarks — does the closed-form
target keep paying off at 7B+ on MATH / AIME?

Stale rollouts & replay — D=1000 already holds; push into off-
policy with Retrace / V-trace?

Distributed friction — actor bugs, reward corruption, rare dis-
covery (Osband, 2026).

28



L Richer target-projection design

Low-variance groups — z-scoring makes tiny score gaps look
sharp; when does the bias hurt?

All-negative groups — softmax still redistributes mass; does
“least bad teaches” actually learn?

Other projections — reverse KL, JS, a-divergences, adaptive
schedules (LPO is one step).

29
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Questions?



Appendix:
Mathematical results



L Proposition 1 closed-form target and fixed point

Assume p°'9 > 0 for every sampled candidate. Then:
i Y p
old .
(i) The target ¢; = Pi Olep(Al/n) is the unique maximizer of
>, P9 exp(4;/n)
E.[A] — nKL(r | p°'9).
e ]l )

(i) Treating ¢ as fixed, Vo L1po = p’ — . The unique stationary distribution over
the group is p? = ¢.

Proof on the next four slides.
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I_ Proof of (I) strict concavity = unique interior max

Objective on AKX~ (with pg® > 0):  J(r) = 3, Ai — 3>, i log

Ty
pgld

1. Concavity. Linear term: concave. Negative-entropy term: Hessian on the open simplex is
—ndiag(1/r;) < 0. So J is strictly concave on int A® 1.

2. Interior maximizer. 8J/0r; = A; — n(log p:;’d +1) = +ocasr; — 01, so the boundary is
suboptimal. Equality KKT conditions suffice.

Strict concavity + compact AX~! + interior optimum = unique stationary point.

33



- Proof of (I) Lagrangian = closed-form target

Lagrangian for >, r; = 1:
L(r,p) = >, A —n Yy, rilog ;de — N(Zl r; — 1)

First-order condition OL/dr; = 0:

A; — ﬁ[log pZ?d + 1] —p=0 = r= pi'd ei/m g~ (1tu)/m

Normalize via }_, s = 1, absorbing p:

G — pS' exp(4;/n)
' > 059 exp(4;/n)

Maximizer is the exponential tilt of p°'® by A/n.Part (i) O




I_ Proof of (II) cross-entropy gradient is p? — ¢

Loss + group-softmax (q fixed): Lrro = — 3. ¢; logp?, p? = eZ?/Zj et

Log-softmax derivative:

logp! = £{ —logy; et = dlogp? /L8 = 8 — pl

Chain rule, using >, ¢; = 1:

OLreo /00 = — 37, ¢i(Sik — PR) = —ar + DRy @ = P} — Gk

[v€9£TPO:p9_Q]

35



- Proof of (II) unique stationary distribution

From the previous slide:
Ve Lo = 1’ —q
Stationarity:
VLo =0 < p’=g¢
o The softmax £/ — p? has a one-dimensional kernel (additive shifts of £2), but the distribution

p? over the group is uniquely determined.
 Therefore the unique stationary distribution over the sampled group is p’ = ¢. Part (ii) O

Combining (i) and (ii): the KL-regularized target q is the unique fixed point of TPO's
cross-entropy update.
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L Tabular weights 3(p,): same direction, different scale

One-hot reward, logit space. Every method'’s exact update has direction g, = 8(px) (ey,,

Methods differ only in 8(pn).

method B(pn) atp,=0.1, M=10
CE (oracle) 1 1.00
DG Lo 0.09
1+ pn
GRPO Lo 0.33
1-—- Pn
TPO _p(A-D 0.73
1-— Pn + )\pn

A= exp(M/vVM —1) ~ 28 for M=10.

— TTn).
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- Deriving 5(p,)  setup
¢ Tabular bandit. M actions, correct y,, reward r(a) = 1{a = y» }.
¢ Policy. 7, in context n; pn = mn(Yn).

e Supervised direction. v, = e, — m, (correct one-hot minus current policy).
Yn y

Claim. Every method's exact population update has the form

[gn = B(pn) (ey, —mn) = ﬂ(pn)vn-]

Methods differ only in the scalar 8(p,).

[ CE oracle (trivial): ¢S =e,, — 71, = v, = B = 1. ]
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I_ Deriving BDG sigmoid gate on reward

Exact population DG update (baseline b = 0):

RS = Tomala)r(a)o(HALEISm) ¢, )

Only a = yn, has r(a) = 1; every other term vanishes:

—log pn
- e222)-

B 1 1
C l4elogrn  14p,

Withn =1: o(—logpn)

[/BDG(pn) =1 f_np
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L Deriving BGRPQ standardized Bernoulli reward

Within context n, reward is Bernoulli(p,); 67, = v/pn(1 — pr). Standardized:
1-p —p
Alyn) = —,  Ala#yn) = —.
On On

Exact population update: g5¥° = 3", ma(a) A(a) (ea — n).

Split correct vs incorrect, using the identity 3, 7Tn(a)(ea — ) = —pn Un:
il = — L= 2
gGRPO — pn(l—pn) S (0 7)) = pn(l—pn) +pn on = Py
On On On On
p p
Bareo(Pr) = - =41 —
pn(l - pn) — Pn
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L Deriving BTPO 1/2: standardize + target

Score vector s =ey,: §=1/M, o(s)=+vM —1/M.

Standardized scores:

A, = _-yM M —1, Agty, = L :
M_1/M VM —1/M M1

Correct-vs-incorrect tilt factor:

A =exp(Ay, — Aazty,) = exp(\/M — 1+ \/%) = exp(%) . (For M=10: X =~ 28.)

Target gn(a)  m,(a) e*e. Normalizer factors out ee#vn , leaving D = 1 — py, + Apn:

wln) = 22 () = D @y,

41



- Deriving BTPO 2/2: closed-form 3

TPO update direction: gi'° = ¢,, — 1. Let D = 1 — p,, + Apn.

. ADn n(A—D
* Correct coordinate (@ = yn): gn(Yn) —Pn = 2 _ Pn = %

Since A = D = (A = 1)(1 — pn), this equals % (1 — pn) = Brro vn(yn).

¢ Incorrect coordlnate( =£ W)

an(a) = mn(a) = ma(@)(% — 1) = -2V 1 (0) = o6 v ()

(Usingl — D = —pp(A — 1) and vy, (a) = —mn(a).)

Both coordinates collinear with v,,, with the same scalar:

pn(A B 1)

Breo(pn) = 7 S v
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MNIST: expected logit update per single sample

One labeled (z,y); p = my; v = e, — w. Expectation over a ~ .

method Elg]

PG pv

GRPO (single sample, batch-std) (p/oB)v
Group PG 6pv = 64°
DG in general ot v
TPO, sampleda =y B+(p) (ey — )
TPO, sampleda=j #y y(m5) (7 — ej)

Br(p) = £25L, 1) = 57255 A = exp(10/3) ~ 28.
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