
Three ways GRPO
wastes rollouts

and one objective that fixes them
Jean Kaddour
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RL is the path past imitation.
The world if we get RL to work.



GRPO is the current workhorse of LLM RL
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What per-rollout
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Where do scalar advantages leave signal on the table?
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GRPO over-weights easy prompts
Hard (5%) vs easy (95%) prompt: how does GRPO split the step?
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An easy prompt gets 19× the update size of a hard one.

Diagnostic from Osband (2026), Delightful Policy Gradient, §4.2.
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Rare failures are punished strongly
rollout poldi reward

common wrong answer 0

correct answer 1

another correct answer 1

rare wrong answer 0

Rare negative-advantage actions can inflate the gradient.

Diagnostic from Osband (2026), Delightful Policy Gradient, §4.1.
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Same ε for breakthroughs and easy winners
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Breakthroughs (0.01→0.012) starve, easy winners (0.9→1.0) coast.

DG (Osband, 2026): breakthroughs need amplification; DAPO’s clip-higher at εhigh=0.28.
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Target Policy
Optimization



GRPO’s target is implicit. TPO is explicit.

Policy as a distribution over theK sampled rollouts (simplex,K=3).
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GRPO’s target is hidden inside the gradient.
TPO forms the target explicitly, then fits it.
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Reweight-then-fit: a 30-year-old idea, now in closed form

EM-for-RL
Dayan ’97

REPS
Peters ’10

MPO
Abdolmaleki ’18

SPU
Vuong ’19

TPO
ours, ’26

sums over all actions dual Lagrangian learnedQ
+ EM iteration

non-parametric
inner optim.

finite group⇒
closed-form q

Finite group ofK rollouts⇒ closed-form target. No critic, no dual.
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TPO: build a target q, then fit it via cross entropy
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TPO: build a target q, then fit it via cross entropy

1. BUILD TARGET 2. CE FIT

y1
y2
y3
y4

rollouts
poldi Ai

qi ∝ poldi exp(Ai/η)

qi (target)

CE fit

pθi matches q

cross-entropy loss LTPO = −
∑
i

qi log pθi
∂LTPO
∂ℓθi

= pθi − qi
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TPO’s target is KL-regularized from the rollout policy

q picks the largest expected advantage that doesn’t drift far from pold:

q = arg max
q ∈∆K−1

Eq[A]︸ ︷︷ ︸
expected advantage

− η KL(q ∥ pold)︸ ︷︷ ︸
stay near rollout

Closed form (derivation in paper):

qi =
poldi exp(Ai/η)∑
j p

old
j exp(Aj/η)

η is the temperature, we use η = 1 throughout.
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TPO is a few lines of code

JAX
def tpo_target(log_scores, adv, eta

=1.0):
return jax.nn.softmax(

jax.nn.log_softmax(log_scores,
-1)

+ adv / eta, -1)

q = jax.lax.stop_gradient(
tpo_target(log_scores, adv))

log_p = jax.nn.log_softmax(
log_scores, -1)

loss = -(q * log_p).sum(-1).mean()

PyTorch
def tpo_target(log_scores, adv, eta

=1.0):
return F.softmax(

F.log_softmax(log_scores, -1)
+ adv / eta, -1)

q = tpo_target(
log_scores, adv).detach()

log_p = F.log_softmax(log_scores,
-1)

loss = -(q * log_p).sum(-1).mean()
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Three GRPO blind spots. Does TPO close them?

gradient share
easy or hard prompt:

same share?

advantage
common or rare wrong:

same A?

clip wall
common or rare success:

same wall?

17



Fix 1: hard prompts are not starved
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Fix 2: rare failures no longer look common

rollout poldi reward GRPO

common wrong answer 0 A−

correct answer 1 A+

another correct answer 1 A+

rare wrong answer 0 A−

GRPO assigns both wrong rollouts the same A−;
TPO pulls 45× harder on the common one.
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Fix 3: every group gets a target, not a wall
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Results



Dense bandit and sparse-reward sequence
▶ MNIST contextual bandit: sample digit, reward 1{a=y}.
▶ Token reversal: transformer reverses length-H sequence, reward only at end.
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Longer horizons for token reversal

Exact-match error % (V=2,K=8)

method H=7 H=8 H=9 H=10

TPO 6.9 8.6 6.1 7.4
GRPO 14.5 27.6 30.0 50.4
GRPO (no KL) 66.6 92.5 — —
PPO 12.0 26.3 90.6 —
DG 33.8 58.8 — —
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Off-policy with distributed staleness

MNIST contextual bandit; actors roll out with parameters from D steps ago.

method D=0 D=1 D=3 D=10 D=30 D=100 D=300 D=1000

REINFORCE 6.3 6.3 6.8 6.5 42.7 67.3 74.9 78.1
PG (IS) 6.3 6.3 6.4 6.8 8.9 10.2 10.1 9.8
PPO 6.3 6.3 7.0 4.1 5.6 5.8 5.9 5.4
DG 2.8 2.8 2.8 2.7 2.6 2.5 2.5 2.5
TPO 2.3 2.3 2.3 2.3 2.3 2.3 2.3 2.3
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Does it transfer to LLMs?
Qwen3-1.7B (top), R1-Distill-1.5B (bottom);K=16 rollouts per prompt.
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Follow-up by Tencent: LPOfwd ≈ TPO (q → w∗, pθ → Pθ)
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Open questions



Scale and off-policy stress tests

Larger models, harder benchmarks — does the closed-form
target keep paying off at 7B+ on MATH / AIME?

Stale rollouts & replay — D=1000 already holds; push into off-
policy with Retrace / V-trace?

Distributed friction — actor bugs, reward corruption, rare dis-
covery (Osband, 2026).
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Richer target–projection design

Low-variance groups — z-scoring makes tiny score gaps look
sharp; when does the bias hurt?

All-negative groups — softmax still redistributes mass; does
“least bad teaches” actually learn?

Other projections — reverse KL, JS, α-divergences, adaptive
schedules (LPO is one step).
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Thank you
Questions?



Appendix:
Mathematical results



Proposition 1 closed-form target and fixed point

Assume poldi > 0 for every sampled candidate. Then:

(i) The target qi = poldi exp(Ai/η)∑
j p

old
j exp(Aj/η)

is the unique maximizer of

max
r∈∆K−1

Er[A] − η KL(r ∥ pold).

(ii) Treating q as fixed,∇ℓθ LTPO = pθ−q. The unique stationary distribution over
the group is pθ = q.

Proof on the next four slides.
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Proof of (i) strict concavity⇒ unique interior max

Objective on∆K−1 (with poldi > 0): J(r) =
∑

i riAi − η
∑

i ri log ri
poldi

1. Concavity. Linear term: concave. Negative-entropy term: Hessian on the open simplex is
−η diag(1/ri) ≺ 0. So J is strictly concave on int∆K−1.

2. Interior maximizer. ∂J/∂ri = Ai − η(log ri
poldi

+ 1) → +∞ as ri → 0+, so the boundary is
suboptimal. Equality KKT conditions suffice.

Strict concavity + compact∆K−1 + interior optimum⇒ unique stationary point.
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Proof of (i) Lagrangian⇒ closed-form target

Lagrangian for∑i ri = 1:
L(r, µ) =

∑
i riAi − η

∑
i ri log ri

poldi

− µ
(∑

i ri − 1
)

First-order condition ∂L/∂ri = 0:
Ai − η

[
log ri

poldi

+ 1
]
− µ = 0 =⇒ ri = poldi eAi/η e−(η+µ)/η

Normalize via∑i ri = 1, absorbing µ:

qi =
poldi exp(Ai/η)∑
j p

old
j exp(Aj/η)

Maximizer is the exponential tilt of pold by A/η.Part (i) □
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Proof of (ii) cross-entropy gradient is pθ − q

Loss + group-softmax (q fixed): LTPO = −
∑

i qi log pθi , pθi = eℓ
θ
i
/∑

j e
ℓθj

Log-softmax derivative:

log pθi = ℓθi − log∑j e
ℓθj =⇒ ∂ log pθi /∂ℓ

θ
k = δik − pθk

Chain rule, using∑
i qi = 1:

∂LTPO/∂ℓ
θ
k = −

∑
i qi(δik − pθk) = −qk + pθk

∑
i qi = pθk − qk

∇ℓθ LTPO = pθ − q
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Proof of (ii) unique stationary distribution

From the previous slide:

∇ℓθ LTPO = pθ − q

Stationarity:

∇ℓθ LTPO = 0 ⇐⇒ pθ = q

• The softmax ℓθ 7→ pθ has a one-dimensional kernel (additive shifts of ℓθ), but the distribution
pθ over the group is uniquely determined.

• Therefore the unique stationary distribution over the sampled group is pθ = q. Part (ii) □

Combining (i) and (ii): the KL-regularized target q is the unique fixed point of TPO’s
cross-entropy update.
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Tabular weights β(pn): same direction, different scale
One-hot reward, logit space. Every method’s exact update has direction gn = β(pn) (eyn − πn).

Methods differ only in β(pn).

method β(pn) at pn=0.1, M=10

CE (oracle) 1 1.00

DG pn
1 + pn

0.09

GRPO
√

pn
1− pn

0.33

TPO pn(λ− 1)

1− pn + λpn
0.73

λ = exp
(
M/

√
M − 1

)
≈ 28 forM=10.
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Deriving β(pn) setup

• Tabular bandit. M actions, correct yn, reward r(a) = 1{a = yn}.
• Policy. πn in context n; pn = πn(yn).
• Supervised direction. vn = eyn − πn (correct one-hot minus current policy).

Claim. Every method’s exact population update has the form

gn = β(pn) (eyn
− πn) = β(pn) vn.

Methods differ only in the scalar β(pn).

CE oracle (trivial): gCEn = eyn − πn = vn =⇒ βCE = 1.

38



Deriving βDG sigmoid gate on reward

Exact population DG update (baseline b = 0):

gDGn =
∑

a πn(a) r(a)σ

(
r(a) (− logπn(a))

η

)
(ea − πn)

Only a = yn has r(a) = 1; every other term vanishes:

gDGn = pn σ

(
− log pn

η

)
vn.

With η = 1: σ(− log pn) =
1

1 + elog pn
=

1

1 + pn
.

βDG(pn) =
pn

1 + pn
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Deriving βGRPO standardized Bernoulli reward

Within context n, reward is Bernoulli(pn); σn =
√

pn(1− pn). Standardized:

A(yn) =
1− pn
σn

, A(a 6= yn) =
−pn
σn

.

Exact population update: gGRPOn =
∑

a πn(a)A(a) (ea − πn).

Split correct vs incorrect, using the identity∑a ̸=yn
πn(a)(ea − πn) = −pn vn:

gGRPOn =
pn(1− pn)

σn
vn +

−pn
σn

(−pn vn) =
pn(1− pn) + p2n

σn
vn =

pn
σn

vn.

βGRPO(pn) =
pn√

pn(1− pn)
=

√
pn

1− pn
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Deriving βTPO 1/2: standardize + target

Score vector s = eyn : s̄ = 1/M , σ(s) =
√
M − 1/M .

Standardized scores:

Ayn =
1− 1/M√
M − 1/M

=
√
M − 1, Aa ̸=yn =

−1/M√
M − 1/M

= − 1√
M − 1

.

Correct-vs-incorrect tilt factor:

λ = exp(Ayn −Aa ̸=yn) = exp
(√

M − 1 + 1√
M−1

)
= exp

(
M√
M − 1

)
. (ForM=10: λ ≈ 28.)

Target qn(a) ∝ πn(a) e
Aa . Normalizer factors out eAa ̸=yn , leavingD ≡ 1− pn + λpn:

qn(yn) =
λpn
D

, qn(a) =
πn(a)

D
(a 6= yn).
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Deriving βTPO 2/2: closed-form β

TPO update direction: gTPOn = qn − πn. LetD = 1− pn + λpn.

• Correct coordinate (a = yn): qn(yn)− pn =
λpn
D

− pn =
pn(λ−D)

D
.

Since λ−D = (λ− 1)(1− pn), this equals pn(λ− 1)

D
(1− pn) = βTPO vn(yn).

• Incorrect coordinate (a 6= yn):
qn(a)− πn(a) = πn(a)

(
1
D

− 1
)
= −pn(λ− 1)

D
πn(a) = βTPO vn(a).

(Using 1−D = −pn(λ− 1) and vn(a) = −πn(a).)

Both coordinates collinear with vn, with the same scalar:

βTPO(pn) =
pn(λ− 1)

1− pn + λpn
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MNIST: expected logit update per single sample

One labeled (x, y); p = πy; v = ey − π. Expectation over a ∼ π.

method E[g]

PG p v

GRPO (single sample, batch-std) (p/σB) v

Group PG 6p v = 6 gPG

DG in general 6∝ v

TPO, sampled a = y β+(p) (ey − π)

TPO, sampled a = j 6= y γ(πj) (π − ej)

β+(p) =
p(λ−1)
1−p+λp

, γ(r) = r(λ−1)
λ(1−r)+r

, λ = exp(10/3) ≈ 28.
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